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Abstract - In this study, we analyzed the endemic
equilibrium point of a malaria-hygiene mathematical
model. We prove that the mathematical model is
biological and meaningfully well-posed. We also
compute the basic reproduction number using the next
generation method. Stability analysis of the endemic
equilibrium point show that the point is locally stable
if reproduction number is greater that unity and
globally stable by the Lasalle’s invariant principle.
Numerical simulation to show the dynamics of the
compartment at various hygiene rate was carried out.

Keywords- Malaria, Hygiene, Endemic Equilibrium,
Mathematical Model.

I.  INTRODUCTION

One of the serious public health problem affecting the
wealth and health of individuals and nations in Africa is
Malaria [1, 2]. From 2015-2017, no progress in reducing
the global case of malaria has been made [3]. Preventive
and symptomatic treatment of malaria, use of long-lasting
insecticidal mosquito nets (LLINs) and spraying are
efforts employed in malaria prevention, these have
reduced the incidence and mortality of malaria [4, 5].

Poor Sanitation system- stagnant water and streams,
Socio-economic factors are the ideal location for the
development of malaria transmission vector (Anopheles
mosquitoes) [6]. The link of the water, sanitation and
hygiene (WASH) efforts with malaria transmission has
been neglected. Regular cleaning of the surrounding has
been associated with malaria infection prevalence [7].

Mathematical modelling has been an essential tool for
understanding disease transmission dynamics [8]. [9]
proposed a mathematical model of typhoid fever assuming
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budget allocation for protection against the disease as a
variable. The model analysis revealed that sanitation and
awareness program has capacity to control the spread of
the infection. [10] Formulated a mathematical model of
cholera using hygiene consciousness as a control strategy.
Using the next generation, the basic reproduction was
computed and they showed that the disease free
equilibrium is locally stable. The numerical simulation
revealed that hygiene consciousness is effective in
controlling cholera. [11] model the transmission dynamics
of cholera establishing the effects of hygiene, famine,
climate and environment. Numerical simulations was
carried out to show the evolution of cholera spread. [12]
proposed a system of non-linear ordinary differential
equation of TB to study the effects of hygiene as a control
strategy. The equilibrium points was analyzed and
established. The local and global stability of the DFE is
stable when unity is less than one. The result of the
simulation shows that hygiene consciousness can help
control TB disease. Many mathematical models have been
formulated to study malaria transmission but to the
knowledge of the author none has studied transmission of
malaria and hygiene model.

Il. MODEL FORMULATION

In this model, the total human population denoted by N is
subdivided into Unhygienic  susceptible human
population S, Hygienic Susceptible Human
population S;,, Unhygienic infected human population I,,,
hygienic infected human population I,and the Recovered
Human population R,. The mosquito population denoted
by N, is subdivided into Non-disease carrier mosquitoes
S, and disease carrier mosquitoes I,,. Therefore, we have
the following sub populations:

NH:Su+Sh+Iu+Ih+R' (1)
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N, =S, +1, @)

Let Ay be the recruitment rate of the human population. A
fraction (1 — a)Ayenters unhygienic susceptible human
class while the remaining fraction aA,; enters the hygienic
susceptible human class. The unhygienic susceptible class
is increased by the rate at which unhygienic human class
lose immunity after recovery given as w, and reduced by
the rate of progression to hygienic classt,, the force of
infection for the unhygienic classA,, and natural human
death rate ug,. The hygienic susceptible human
compartment is increased by the 7,, while the
compartment is reduced by natural human death rate uy
and the force of infection for the hygienic class (1 — {)4,;,.
The unhygienic infected human class I,, is increased by 4,,
and reduced by natural human death rate u,, rate of
progression from I,to I, given as 7,, malaria induced
death for unhygienic human class &, and recovery for
unhygienic human 6,,. The hygienic infected class I, is
increased by (1—{)A, and t,then reduced by the
recovery rate for a hygienic human class given as 6,,
malaria induced death for hygienic human class &,and
natural death rate u,. The Human recovery class R is
increased by 6,, and 8,,, then reduced by puy, w, and w,.
The susceptible mosquito class S, is increased by the
Mosquito recruitment rate given as A, reduced by the
mosquitoes death rate u,, and force of infection for
mosquito g

(1—a)py, w

iven as A,,. The infected mosquito class I, is increased by
A, and w,.
Figure 1. Model Schematic Diagram

Given the above description and definitions of variables
and parameters in Table 1 and 2, the following are the
model equations:

85

B = (1= @)y — (g + Ay + 1)S, + R ®)

as
—t=ahy + wR+ 7,5, — (1 = DAy + w)Sp, @)

dly

a AuSu — (o + 6, + 0, + .UH)Iw 5)

%: (1_{)Ah5h+T21‘u—(6h+9h+.uH)Ih; (6)

dR

Z = Bulu + ehlh - ((1) + ,UH)R; (7)
as

—2 =Ny~ Sy — Sy, 8
al

d_: =4S, — w1y ©)
where

b1 Bynl by Byn
/‘{uz 1vhv’ Ah= thv, b1>b2,/1]7=
Ny Ny

Lobrbttle) 5 > 5, 6, > 6, (10)

H

Table 1. Variables

Symbols Description
Sy Unhygienic Susceptible Human
Sh Hyagienic Susceptible Human
L, Unhygienic Infected Human
I, Hygienic Infected Human
R Recovered Human
S, Non-disease carrier Mosquitoes
I, Disease carrier Mosquitoes

Table 2. Model Parameters

Parameters Definitions
Ay Recruitment rate of Human Population
A, Recruitment rate of Mosquitoes
T Progression from S, to S,
Ty Progression from I, to I,
Sy Disease-Induced death for the unhygienic human
class
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Sp Disease-Induced death for the hygienic hurherany solution of the system with non-negative initial
conditipns.
class
b, Biting rate of mosquito for unhygienic huniapnce:|all feasible solution set of the human population
of the malaria model enters the region
class
b, Biting rate of mosquito for hygienic human &lass {|(Sw> Spo L I, R) € R3: S, 20,5, 2 0,1, >
Bon Transmission probability of infection frof, [, =|0,R = 0, Ny < 2—:} (14)
Mosquito to human Similarnly, the feasible solution set of the vector
B Transmission probability of infection from hpamation enter the region
to mosquitoes
q 0, ={(s,1,) €RE:S, 20,1, 2 0,N, <22} (15)
A The force of infection for unhygienic human class Ho
Ay The force of infection for hygienic human clASETETere, the region Qs positively invariant i.e. the
_ _ i solution remains positive for all initial values.
Ay Force of infection for mosquitoes
Bii o of n Thus-the model is biologically meaningful and
b 1ting rate of MOsquItoes mathematically well-posed in the domain Q.
Rate of reduction of infection for hygienic class o
3.2 Disease Free Equilibrium (DFE)
Modification Parameter
— The DEE of the model equations (3 - 9) is given as
0, Rate of recovery for unhygienic human class
— r'_/'~0501010R050]0)=
0y Rate of recovery for hygienic human clags® — ‘fw2hs fw thy 05 9vs fy
U0 AnC1+arn) o Av 0) (16)
® Rate at which recovered human become\ (ti+ur) ” un(ratur) """ 1y’
susceptible 3.3 Reproduction Number (R,)
a Hygienic rate The basic reproduction number (R,) is defined as the
L Natural human death rate number of secondary malaria infections produced by one
i infected individual in a completely susceptible
Ky Natural death rate of mosquitoes  community. The next-generation method will be
Total Human Population emptoyed to cqmpute R_O. F(x) is the rate of new |r_1f<_act|on
Ny P appearance while V (x) is the rate of transfer of individuals

I1l. MODEL ANALYSIS
3.1 Invariant Region

The invariant region can be obtained by the following
theorem.

Theorem 3.1

The solutions of the model are feasible for all ¢t > 0 if
they enter the invariant region

Q=0Q,xQ,. (12)
Proof:
Let

Q= (S, SLuIwR S, 1L,) €RY, (13)
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into compartments. So we have

FV'=R, =
\/b?,ﬁvhﬁthvﬂH(b1MH(l—OC)(k2+TZP)+b2k1P(06ﬂ1~1+T1)(1—5))

Apugk ko (t1+uy) n

3.4 Endemic Equilibrium (EE)

The EE is when the disease continues in the community.
It is computed by equating all the model equations to
zero. It is denoted by

E,=(S;,S L1, R, S, 13) (18)
So,

« _  Ag((1-a)Ag+wR*)
Su = Ap(T1+pp)+bipuBonly’ (19)
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Ag(aAg+wR*+115y)

Sn = (A=ObzuuBynly)+Aupn’ (20)
« _ bitHBynlySy
Iu - Apks (21)
ol (1= k1bySp+b1 1254
I = BHBvh ( A5 k1k2 ptb1T2 )' 22)
HIX1K2
R* = Gul,’j_+6h1h’ (23)
k3
* A‘UAH
v b3 Brytn (I +pIf)+ ARy (24)
.S
== (25)
Where
= (w + py)
Substituting (24) for S; (21) and (22) for I;; and I,
respectively, (25) becomes
Z, 32— Z,I5 =0 (26)
This gives solutions of
I; = 0 which is the DFE point,
« _Z2
orl; = Z 27)
Where
7. = b3 BunBrotaby(b1ug(1-a)(ka+12p)+bak1p(apn+t1)(1-0))
! kikz(t1+ppy)
(28)
ZZ = RO - 1 (29)

It therefore shows that there exist a unique Endemic
Equilibrium point at R, > 1.

3.5 Local Stability of EEP

Theorem 3.2: The EE of the model is locally
asymptotically stable whenever R, > 1.

Proof:

At the Endemic Equilibrium point, we have a Jacobian
Matrix given as:
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JED =
[— 0 0 0 w 0 —A;7
T, -4, 0 0 w 0 —As
A4— 0 _P1 0 0 0 Al
0 4 7, —P 0 0 As
0 0 O On —P; 0 0
0 0 -4 -4, 0 -—-p+u) O
L 0 0 A, A, 0 0 —u, |
(30)
Where
* b Sa .
A=1 + 2+ s Ay 21312\;1—:111;; A, = -DA, + pys
Ay = M; A, = b1ﬁuh#H1f§;
Ax Ay
A= (1—5)bzﬁvhﬂHlf§;A6 _ bsﬁhuﬂH&?;
An AH -
A, = pbsProkSs,
AH

Pi=1,+6,+0,+ uy;
P2=6h+eh+.uH;
Py =w+py

(1)

Applying elementary row operation to (30) we have

JE) =
[—A 0 0 0 ) 0 —A; 7
0 —A4A4, 0 0 Aw 0 —Ag
0 0 —AP, 0 Aw 0 Ag
0 0 0 A, A 0 —Aq,

0 0 0 0 —Ay; 0 Ag
0o 0 0 0 0 —-(tm) —H
L 0 0 0 0 0 0 —A4]

(32)
Where
Ag = AA; +11A;Ag = AYAL + AAg; Ay = Ag —
AA, A5 A = AgBy + 0,4, Ay, = Ak, (AALk, +
AAsw); A3 = AA A, Tow; Ay, = AAj ok +
AAyAgTy; Ars = A11Arz — AzAgA12; Are = A1 Ary —
A1 Outy; Ary = AA13k 0, — App (Akiks —
0uAsw); Arg = Ak (0pA1s — AgA12); Arg = AgsAsg +
As64i7} (33)

J—Al=0
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—(A+ 1) 0 0 0
0 —(AA, + 2) 0 0
0 0 —(AP, + 2) 0
0 0 0 —(Ay, + 1)
0 0 0 0
0 0 0 0
0 0 0 0

It is observed that all the eigenvalues of J(E,) are
negative. Hence, it is concluded that the endemic
equilibrium E* of the model is locally asymptotically
stable if Ry > 1.

3.6 Global stability of EEP.

Theorem 3.3: The Endemic Equilibrium E, is globally
asymptotically stable if R, > 1.

Proof:

We define the Lyapunov function U as:
U= (S, — i —Silog) + (S, — 5 — Silo S—h)+
u u u gS{i h h h gsz
(-1 - I;log™) + (Ih - log;—’:) +(R-R" -
u h

R* 1og§) + (Sv —-S;-S; logi—;) + (lv L5 IOg;‘E)

(39)
a1 )
(-B e+ (e (D (D%

(36)
Y=6 -G, (37)

dt

Substituting the expression for the derivatives and
separating positive and negative terms as G, and G,, we
have

G, = Ay +20R + (1, + 2)S, + (1 = DALS, +

(T3 + 0L, + Oyl + Ay + 1,5, + “% + 20 4
u h

184Sh |, A=DArSply | T2lilp | OuIiR* | OpIpR* | A,SpL
Sh + In + In + R + R + Iy

(38)

G, = 1,55 + (1= DASs + (7, + 0 ) + 6,15 +
20R" + 1,55 + (1-a)AgSy 4 wRSy, " (T1+Ay+pp) (Su—Si)?
u Su Su
ahuSy | @RS | TiSuSh (=D An+un)(Sp=Sp)* 4 MuSubi
Sh Sh Sh Sh
k1(ly—1)* n (1-0)ApShlj, ko (In=14)*
Iy In In

+

+

Iy
6y, I, R*
R

Tolyly
+ h
In

+

. 2455-2143, Pages 84-90

w 0 -4,
Aw 0 —Ag
Aw 0 Ag
A12 0 _A14 =0 (34)
—(Ay; + 1) 0 Ag
0 (A +w)+ ) —Hy
0 0 —(Ao+ )]
OnlpR* | k3(R-R")* | AySy n Go+up) (Sy=55)* n AySyly n
R R Sy Sy I
ty(ly—1)? (39)

Iy

If G, < Gy, then =2 < 0, = 0 ifand if 5, = 5,5, =
S I, =151, =I;,R = R",S, = Si,1, = I The largest
invariant set in {(S;, 57, I3, I, R", S5, I;) € 0; 52 = 0} is
a singleton of E, with E, as the endemic equilibrium.

Therefore by the Lasalle’s invariant principle, E, is
globally asymptotically stable in Q if G; < G,.

3.7 Numerical Simulation

In this section, we carry out numerical simulations for the
model equations using the parameter values in table 3
and initial conditions S,,(0) = 55,5, = 45,1,(0) =
45,1,(0) = 30,R(0) = 50,S,(0) = 1000, 1,(0) = 50.

Table 3: Parameter values of Model

Symbols Values Source

Ay 100 [13]

A, 1000 [14]

T 0.25 (Assumed)
Ty 0.5 (Assumed)
Sy 0.13 (Assumed)
Sy 0.06 (Assumed)
b, 0.17 (Assumed)
b, 0.1 (Assumed)
Bon 0.03 [15]
By 0.09 [15]

b, 0.12 [16]

{ 0.08 (Assumed)

p 0.5 (Assumed)
0, 0.05 (Assumed)
0, 0.15 (Assumed)
) 0.7902 [14]

a 0.46 (Assumed)
Uy 0.00004 [13]

U, 0.0000569 [14]
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IV. CONCLUSION
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In this study, we proposed and analyzed the endemic
equilibrium point of a malaria hygiene mathematical
model. We solve the mathematical model showing the
endemic equilibrium points. The analysis show that the
endemic equilibrium point is locally stable if R, > 1 given
that the eigenvalues of the Jacobian matrices are negative,
also by the Lasalle’s invariant principle defining a
Lyapunov function we show that the endemic equilibrium
is globally in the set Q.
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