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Abstract- The overall purpose of this study is to critically 

analyze one of the important areas of Computational Fluid 

Dynamics i.e. the Linear Convection Problem. There had 

been, quite a significant research in this field. The main 

issue that is faced while numerically solving this problem 

whether in 1D,2D or 3D is the oscillation or diffusion 

which eventually makes the solution unstable. Hence, my 

study will deal with this in details and I had also 

incorporated the effect of mesh size and time step size on 

the solution and how they affect the stability individually. I 

had opted for Upwind Scheme to numerically solve this 

problem and to comment on the factor (CFL No.) which 

affects the stability. I had also derived the optimum 

condition for the CFL No., and the simulation results of 

the proposed scheme are also shown in this paper. 
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I.  INTRODUCTION 

The equation given below is the most accessible equation in 

CFD; from the Navier Stokes equation we kept only the 

accumulation and convection terms for the x component of the 

velocity - as we already know, in CFD the variables to be 

computed are velocities; to make things even simpler, the 

coefficient of the first derivative of the velocity is constant, 

making the equation linear. 

  

                                           

This equation represents the propagation of a wave without 
change of shape; the speed of the wave is c and with the initial 

condition given by: 

     
The exact solution is: 

 
This means that on an axis with the positive direction to the 

right, the wave will move from left to right with the speed c.  

 

To discretize this equation in space and time we will use the 

Forward Difference scheme for time derivative and Backward 

Difference scheme for space derivative. The partial derivative 

can be approximated using the derivative definition, removing 

the limit operator: 

                                   

                                 

 
This approach will be applied both for space and time; for 

time steps we will use the superscript n and for space steps 

(grid cells) we will use the subscript i. 

                                       

                                         

 

Now applying forward difference scheme for time derivative 

and backward difference scheme for space derivative.  

                        

 

                         

 

                         

 

 

where n+1 and n are two consecutive steps in time and i and 

i-1 are two neighbouring points of the discretized x co-

ordinate (grid points). The only unknown in the equation 

written in this way is  .We must solve for this unknown 
to get an equation that allows us to advance in time. 

So, firstly I had run the simulation for 1D linear convection 

equation with different grid points only. Then I had also 

changed the time step size value to see the effect on the 

stability of the numerical scheme. 
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Below will be results of MATLAB simulation for the problem 

stated above along with the plots, discussions and at last the 

conclusion. 

 

A. PROBLEM STATEMENT 

 

1. Assume that the domain length is L = 1m. 

 

2. The initial velocity profile is a step function. It is equal to 
2m/s between x= 0.1 and 0.3 and 1m/s everywhere else. 

 

3. Use Upwind Scheme for discretizing the convection 

equation. 

 

4. Time step and number of grid points should be variables in 

the calculation with C=1. 

 

Part I 
 

1. Set time step = 0.01. 

 

Part II 
 

Write a function that accepts time step as an argument and 

solves the problem. 

 

1. Set n = 80. 

 

2. Time steps to use = 1e-4, 1e-3, 1e-2, and 1e-1. 

 

Expected outputs 

 
 1. For C = 1 and for time = 0.4 seconds compare the original 

and final velocity profiles and make the comparison for 

n=20,40,80 and 160. 
  

2. In a single graph compare the numerical solution at t = 0.4 

seconds and compare the effect of time step on the numerical 

solution. 
 

3. Plot the simulation time as a function of the time step and 

explain each of the plots in details. 

B. NUMERICAL SCHEME 

 

The Upwind Differencing is a one-sided differencing scheme 

used to numerically discretize the hyperbolic partial 

differential equation and the side of the differencing is 

determined by the direction of the flow of information. It takes 

into account the "flow of information" from the characteristics 
of the system of equations. If we consider the linear 

convection or the linear wave equation. 

 

                                where c > 0 

 

J.D. Anderson et al.(1992) in his book had stated what method 

of characteristics is and how the information flows in a 

system.Since, information flows from left to right(positive 

direction), upwind scheme in space consists of backward 

difference formula and since, this is a hyperbolic P.D.E 

therefore, the time derivative is evaluated by marching 

forward in time(time marching method) and so, the forward 

differencing formula for time. 

  
 

Figure 1: Stencil for Upwind Scheme 

 

Stencil helps us to visualize how the information of the flow 

properties (velocity, temperature and other parameters) flow 

through the grid points for different numerical schemes. As far 
this scheme is considered, we know that it's a time marching 

problem, so the information gets transferred from time step n 

to time step n+1. Here index j represents the special grid 

points. If we look at this equation- 

 

                            

 

we can clearly see that the only unknown is  , to evaluate 
this unknown, information in space travels from previous 

space grid point at time step n to current space grid at time 

step n+1. 

Once the unknown variable is evaluated at all grid points at 

time step n+1, the solver, with the help of these new values 

calculates the unknown variable at time step n+2 and so on 

and so forth till a steady state condition is reached and we 

have a convergence. This is how the solver works. I had coded 

this problem using MATLAB software and I had elaborately 

presented all my findings below. 

II.       PLOTS AND DISCUSSIONS 

 

Part I 

 

We will be looking at the convective velocity plot and we will 

see how the wave propagates through the domain. To visualize 

the accuracy of the solution, the numerical velocity profile is  
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being compared with the exact velocity profile for different 

number of grid points. There are multiple plots to examine 

how an increase or decrease in the number of grid points 

deviates the velocity profile from the exact one. 

  
                                                                           

For number of grid points = 20 

                                        Fig. 2: with hold off command                                                           
                                                                                                                                                          Fig 3: without hold off command 

For number of grid points=40 

                 Fig. 4: with hold off command                                                         Fig. 5: without hold off command 
 

  

 

 

For number of grid points=80 
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Fig. 6: with hold off command 

 

 
For number of grid points=160 

 

 

 
 

 

 

 

 

 

 

 

 

 

 

 
 

 
Fig. 7: without hold off command 

 

We can see that the square wave is not maintained in the 

numerical method of solving the equation. This is because, the 

first order backward differencing scheme in space creates false  

diffusion. This is also the reason why the peak is not 

maintained in the numerical profile and it is eventually 

becoming smooth and diffused. However, if we take a closer 

look at the plots for different values of space points, we can  

say that if the spatial step is reduced, the error reduces and the 

peak is maintained, see the plot for figure 7 and figure 6. 

  
But that will mean that we can get the best solution with max. 

no. of 'n'. That is, however, not the case, because the next plot 

shows that when n=160 grid points we get an unstable 

solution. There is something in our numerical approach which 

is killing the solution. Therefore, we need to analyse our 

numerical approach for stability. The term c(dt/dx) plays a 

vital role in determining the stability of a numerical approach. 

Figure 8: with hold off command 
 

 

Part II 

Now, we will be looking at the numerical velocity profile for 

different time steps and I am also going to make a comment 

on the Courant-Friedrichs-Lewy or CFL condition on the 

stability of linear convection problems. I had also calculated 

the time taken by the solver to complete the simulation for 

each time step and then plotted them for inference. 
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Fig. 9: Velocity profiles for different time steps 

 
The velocity profile depicted by '*' is the actual velocity 

profile. 

We can see that as we make the time step size bigger and 

bigger, we are getting better solutions. When the time step size 

is 0.01, the velocity profile kind of matches the actual profile, 

the peak is also maintained somewhat. Therefore, we might 

think that, okay, let’s make it even bigger but boom our 

solution gets killed if we implement the same in our coding.  

As we can see that when the step size is 0.1, the solution 

becomes unstable due to diffusion. Initially, we can see that 

the solution is exactly a square but after that there are 

oscillations which make the solution unstable. 
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Fig. 10: Simulation time versus time step size

 

This plot is very simple to understand. As we are making 

dt/time step size smaller and smaller, the simulation time is 

getting more and more. We know, 
 

 

 

for this particular problem, so lower dt means more no. of time 

steps. So, the time loop will run for more seconds. This is 

evident from fig.10 in which it can be clearly seen that 1e-4 is 
having maximum simulation time while 1e-1 is having 

minimum simulation time. 

  

 

C.    CFL stability condition for 1D Linear Convection: 

 

 

 
 

 

 
 

Taylor Series expansion of  , 
 

 
Where h.o.t refers to higher order terms 

 

 
 

 

where   refers to the error which is of 2nd order, 
 

Similarly, 

 
 

Adding the above 2 equations we get, 

 

       

 

 

         

 

 

Now, the first two terms denote the Numerical Scheme while the next two terms denote the P.D.E (Exact Solution). 

 

Therefore, we can write 

 

                                                                                               (1)        
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So, 

 
 

Let  be the exact solution of the Numerical Scheme 
 

 
 

 

If we put  in equation 1 we will get, 
 

 

                                              
 

Substituting  with Ut  and   with Ux  and so on and so forth, 

 

                                                                           
 

 

 
 

Now taking      of  , we get,  

 

 
 

 

But,   

 

Substituting it back into the previous equation we get, 

 

 
 

 
 

 

Now putting this value in equation 2 in place of   we get an interesting result, 
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This linear equation when discretized using Finite Difference 

Method changes to convection diffusion problem. The term on 
the R.H.S within the first braces is the numerical diffusion 

which creates instability and blows up the solution and that’s 

why it needs to be positive. So, now we have understood in 

details why some of the plots mentioned above did not fetch 

us the desired result. In other words, we have the answer to the 

question that why the convection problems have oscillations? 

and how can we reduce them in order to achieve the results? 

 

Therefore,   

 

 

III.     CONCLUSION 

 

Therefore, what we can conclude, is that, not only there is a 

limit to decreasing dx for getting an exact solution but also 

there is a limit to increasing time step size for obtaining an 

accurate result. Putting it all together, we can say that, CFL 
no. has a range in which we can get good results but outside 

that range our solution blows up. For convection problems, 

 

 
 

for the numerical scheme to be stable. 

Consistency does not always implies stability of the solution. 

It might happen that a consistent solver might give unstable 

results owning to CFL criteria. 

One interesting thing to recall is that though we do not have 

any diffusion terms in our governing equation still we 

encountered oscillations. This is because instability is added to 
the system, the moment we discretized it using a numerical 

scheme. We introduced errors, , which became significantly 
high at certain conditions and ultimately destroyed our 

solution. Hence, CFL criteria is equally important for higher 

dimensional problems. 

If we refine our mesh, then we also have to reduce our time 

step size in such a way that the CFL condition is maintained. 

This on the other hand will result in, increase in the simulation 

time. 
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