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Abstract - In this paper a two-warehouse
inventory model for deteriorating items with
exponential demand rate is developed and
analysed. In the present model shortages are
allowed and completely backlogged. It s
assumed that the owned warehouse has a fixed
capacity whether the rented warehouse (RW)
has unlimited capacity. Effect of inflation is
taken in consideration.
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l. INTRODUCTION

The important problem associated with the
inventory maintenance is to decide where to
stock the goods. This problem does not have
attracted the attention of researchers. In the
existing literature, it is found that classical
inventory models generally deal with a single
storage facility. The basic assumption in these
models is that the management has owned
storage with unlimited capacity. In the field of
inventory management, the unlimited capacity
of storage is not true. When an attractive price
discount for bulk purchase is available or the
cost of procuring goods is higher than the other
inventory related costs or there are some
problems in frequent procurement or the
demand of items is very high, management then
decides to purchase (or produce) a huge
quantity of items at a time. These items can not
be stored in the existing storage, viz the owned
warehouse (OW) with limited capacity. Then
for storing the excess of items, a warehouse is
hired on a rental basis. This rented warehouse
(RW) may be located near the OW or a little
away from it. It is generally assumed that,
holding cost in the RW is greater than the same
as in OW. Hence, the items are stored first in
OW and only excess stock is stored in RW.
Further the items of RW are transferred to OW
in a continuous release pattern to meet the
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demand until the stock level in the RW s
emptied and then the items of OW are released.
A two warehouse inventory model was
discussed by Hartely [1976]. Sarma [1983]
developed a deterministic inventory model with
infinite production rate and two levels of
storage. Dave [1988] rectified the errors and
gave a complete solution of the model given by

Sarma [1983]. In the above models, the
analysis is carried out without taking
shortages. Goswami and Chaudhuri [1992]
considered two storage models with and
without shortages, allowing time dependent
demand. Bhunia and Maiti [1994] developed
the same inventory models correcting and
modifying the assumption of Goswami and
Chaudhuri  [1992]. Also, by considering

constant demand, Sarma [1987] presented a
model for deteriorating items with an infinite
replenishment rate allowing for shortages.
Bhunia and Maiti [1997] studied a two
warehouse inventory model for deteriorating
items considering linearly time dependent
demand and shortages. Buzacott and Misra
[1975] simultaneously developed EOQ models

with constant demand and a single inflation
rate for all associated costs. Bierman and
Thomas [1977] then proposed an inflation

model for the EOQ in which the time value of
money is also incorporated. Bose et al. [1995]
developed an EOQ inventory model under
inflation and time discounting. Recently, Yang
et al. [2006] generalized the inventory model
under inflation for variable demand.

In the last few years, inventory
problems involving time variable demand
pattern have received attention from several

researchers.
discussed by Stanfel

This type of problem was first
and Sivazlian [1975].

Next, Silver and Meal [1973] established an
approximate solution technique of a
deterministic inventory model with time
dependent demand. Donaldson [1977]

developed an optimal algorithm for solving the
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classical no-shortage inventory model
analytically with linear trend in demand over a
fixed time horizon. However, the solution
procedure requires a lot of computational work
and can not be easily employed to determine
the values of the optimal decision variable. To
remove the computational and conceptual
complexity of Donaldson’s [1977] optimal
analytic approach, several researchers
employed search methods for solving the
problem. Among them, Silver [1979], Henry
[1979], Phelps [1980], Buchanan [1980], Mitra
et al. [1984], Ritchie [1984] and others are
worth mentioning, but none of them considered
shortages. Considering shortages, Dave [1989],
Deb and Chaudhari [1987], Goyal et. al.
[1992], Dutta and Pal [1992], and Horiga
[1993, 1994] developed a solution following
Donaldson’s or alternative approaches. In these
papers, the solution procedure was
computationally complicated except Dutta and
Pal where it was very simple and easy to
calculate the wvalues of decision variables.
Other papers of related topic were written by
Chung and Ting [1993], Goyal et al. [1996],
Bhunia and Maiti [1999], Chakravarti and
Chaudhari [1997] and others.

1. ASSUMPTIONS
The mathematical model of the two-warehouse

inventory problems is based on the following
assumptions:

1. Shortages are allowed and completely
backlogged.

2. Lead time is zero and the initial
inventory level is zero.

3. The owned warehouse (OW) has a fixed
capacity of W units.

4. The rented warehouse (RW) has
unlimited capacity.

5. The inventory costs (including holding
cost and deterioration

cost) in RW are higher than those in OW.
In addition the following notations are
used throughout this paper.
W The capacity of owned warehouse (OW).
ae®®  The demand rate at time t, we assume
that ae® is deterministic exponential

rate of D units per unit time.

(04 The deterioration rate in OW, where
O<a<l

B The deterioration rate in RW, where
O<B<land B>a.

r The inflation rate

CIO The purchasing cost per unit.

Co The replenishment cost per order.
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ch
in OW.
ch,
in RW.
C

The holding cost per unit per unit time
The holding cost per unit per unit time

s The shortage cost per unit time.
TCi The present value of the total relevant

cost per unit time for modeli,i=1,2.

1o (1)
(1)

The inventory level in OW at time t.

The inventory level in RW at time t.

S(t) The shortage level at time t.

to The time at which the inventory level

reaches to zero in OW.

tr The time at which the inventory level

reaches to zero in RW.

t, The time at which the shortages level
reaches to the lowest point in the

replenishment cycle.

Mathematical Formulation and Analysis

There is only one storage model (i.e. the
traditional model) associated with this two
warehouses inventory problem found in the
previous literature. The traditional model is

depicted graphically in fig 1. It starts with an
instant replenishment and ends with shortages.
In the other model the demand will be met at
the end of each replenishment cycle, that is,
the inventory level start with shortages and
ends without shortages. The proposed inventory
model is depicted graphically in fig 2.

Fig 1 Grapdieal seprevestathnn of o Tno warehiamne syt
.

Fig 3. Groghies represestamion af & Iwo-wsrehome Inentors ssviom fee Model 3

There are two possible shortages models
under the assumption described above. These
two models are depicted graphically in figs 1
and 2. The traditional model (i.e. model 1), it
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starts with an instant order and ends with
shortages.

For the traditional model, at time t = 0,
a lot size of certain units enters the system,
from which a portion is backlogged towards
previous shortages. W units are kept in OW and
the rest is stored in RW. The goods of OW are

consumed only after consuming the goods kept
in RW. During the interval (O,t.), the

inventory in RW gradually decreases due to
demand and deterioration and it vanishes at

t=1t,. In ow, the inventory W decreases
during (O,tr) due to deterioration only, but
during (tr,to) the inventory is depleted due to

both demand and deterioration. By the time tO,

both warehouses become empty and thereafter
the shortages are allowed to occur. The
shortage quantity is supplied to customers at

the beginning of the next cycle. By the time ts,

the replenishment cycle restarts. The objective
of the traditional model is to determine the

timings of t, and [, —1; so that the total

relevant cost (including holding, deterioration,
shortage and ordering costs) per unit time of
the inventory system is minimum.

For model 1 during the interval (O,tr), the
inventory level at time t in RW and OW s

governed by the following differential
equation:

dl, (t) bt

———==-ae —BI.(1),

- Bl (1)

o<t<t, . (1)
with the boundary condition | (t,) =0 and

dl, ()

=—al, (1),
0<t<t, . (2)

with the initial condition 1,(0)=W,
respectively. While during the interval (t,,t;)

, the inventory level at oW, ly(t), is governed
by the following differential equation

dly () bt
—— " =—ae —al,(t),
dt aly(t)

t, <t<t, . (3)
with the boundary condition 14(ty) =0

. Similarly, during (to,ts), the shortage level
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at time t, S(t) is governed by the following
differential equation :

dS() _ o
dt
t, <t<t, ()

With the boundary condition S(t,)=0.
The solution of (1) is as follows

1 (t,)ef = —Iae“’*ﬁ’)‘fdtr +C
Ir(tr) =0

ty
| ()= e‘B‘jae(b*B)”du
t

. (5)
The solution of (2) is as follows
I, (t) = We ™,
0<t<t, . (6)

The solution of (3) is as follows
I, (t)e™ = _[ aePr gt — _f ae > )dt
ty
I, (t)=e™ J‘ae“’*“)“du ,

t

t, <t<t,

The solution of (4) is as follows

S(t) = J'aebtdt —J‘ae'“to dt,

(7N

t
S(t) = j ae®du
to
ty St<t . (8)

Using the condition for 1,(t) at t=t,
, we have from (6) and (7), that

I, (t) = We™
ty
and Io(t)_e‘“tjae(b”)“du
t
to
or  ly(t,)=We ™ =g Iae“””“du
tl’
- (9)

which implies that
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to
W = _[ ae P+t

t,

- (10)
[e(b+a)to e+t ]
(b + o)
(b+a)W _ albra)ty [e(b+a)to—(b+a)tr —l]
a
to=t, +In [1+ (b+0) - rary }/(b + o)
a

. (11)
Note that from (11) ty is a function of t,,
therefore ty is not a decision variable in model
I. Thus, the cumulative inventories in RW

during (0,t,) and ow during (0,t,) are
t, t, t,
j | (t)dt = j g P j ae P dudt
0 0 t

. (12)
to t, to
jlo(t)dtzjlo(t)dt+J.Io(t)dt
0 0 t,

and

to t, to to
j 1, (t)dt = j We “dt + j g j e gydt
0 0

t, t

respectively and tﬁé (lc3u)mulative shortages
during (ty,tg) is

ts t

”aeb“dudt.

oty
As a result the present value of the
inventory holding cost in RW and OW are

tr
ch, [e™1, (t)dt
0

t, t,
=ch, '[e‘“‘”)t J'ae(b“‘)“dudt
0 t

t u
=ch2.[ae(b+ﬁ)“ J'e‘“"’”)tdt du

ch jae(b+ﬁ)u (1 e—([3+r)u )du

(BH)
J‘a( (b+p)t _ (b r)t)jt

- (14)

(B+r)

and

ty
ch, [e™" I (t)dt
0

t

e "1, (t)dt+ tOe‘rt I, (t)dt
| J

0 t,

Il
o
-

[y

Il
3
>

b=

t; ty ty
jWe—(aH)tdt_l_ J‘e—(a+r)t jae(bm)”dudt

tr

t [ 4
=chy) [e " fae® dudt+ [e”
&

0 t,

[
(a+r)t J.ae(b+(x)ududt

t

tﬁ l:r t0 u
- chllj.ae(b*“)“{.[e(“*’)tdt]du + J'ae(b*“){.[e(“”)tdtjdu]
t, 0 t, tr

%)
a _
—ch, J‘ e(b+a)u(1_e (a+n)t, )du
h a+r

fy
+J‘ a e(b+a)u(e (40t _ g (a+r)u)ju
o+r

I‘

L
_ ¢chy J‘a(e(b+a)u _e(b—r)u)du

t;

fy
ch _
_ J‘a(e(b+a)t_e(b r)t)dt
o+r.

r

. (15)

441



International Journal of Engineering Applied Sciences and Technology, 2019
Vol. 4, Issue 3, ISSN No. 2455-2143, Pages 438-453
Published Online July 2019 in IJEAST (http://www.ijeast.com)

Respectively and the
shortage cost is

present value of the

C Te” jaeb”dudt

to to
tS tS
bu —rt
:csjae Je dt |du
to u
C f _
_ s a.ebt( T_a rts)j'[
r %
c. &
:_sj'a(e(b—r)t _ bt )1'[
r t
0

. (16)

In addition, the amounts of deteriorated
items in both RW and OW during (O,IO) are

t, to
ler(t)dt and (xj|0(t)dt. Therefore, the

present value of the cost for the deteriorated
items is

t, t
c,| B j eI, (t)dt + o j e "I, (t)dt
0 0

t

t, t, t
=c, [ ﬁj g Ut J' ae® " dudt + a{ j g (et _[ ae®*"" dudt
0 t

0 t,

to to
4 je—(a+r)t jae(b+a)udUdt
t

[r t0

P o+r

B+r0 L

t
+ fae(bm)u (e—((x+r)t, _p(onu ):lu
tr
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_ o _
i l Jae(w)”(l—e (ﬁ+r)u>ju LS jae(b+“)“(1—e (o)t }m

t, to
_ o _
—c, B J'a(e(b+[3)u _g-nu );Iu + _[ae(b“‘)“(lfe (a+r)u )ju
a+r b

0

— C{Bﬁrtja(e(mmt _eb-nt )ﬂ _'_ﬁ]ga(e(bﬂx)t _ -0t )jt}
tr

(17
Consequently, the present value of the
total relevant cost per unit time for model |

during the cycle (O,t) is

t t
ch, ¢ ch, ¢
Te, =4c, + 2 J‘a(e(b+;3)t et bt+ 1 Ia(e(b+a)t _e(b—r)t)jt
B+rey a+r

t

c.
+_sJ'a(e(br)t _ bttt )ﬂt
r t

tr
p J‘a (b+[3)t _lb- r)t)jt
© B+re
o B
+ J‘a(e(bm)t _e(b—r)t)jt t,
a+r :
tf
g ChatBe [ 1 o 1) 1 [1e)| a
° B+r | b+p r-b 0

ch, +ac 1 1 L
+ p e(b+oc)t _ _e(b rt a
o+r |b+a b—r t
o [a-nt  gbtort ts
— + apr /tg
r{ b-r b .
0

o e e e

r—



International Journal of Engineering Applied Sciences and Technology, 2019

Vol. 4, Issue 3, ISSN No. 2455-2143, Pages 438-453
Published Online July 2019 in IJEAST (http://www.ijeast.com)

(b+a)tg e(b+(x)tr e(b—r)to

b+a r—-b

et

r-b

ch, +ac, {e
+

a+r

L
i

b+a

+C75 ~ e(b—r)tS e(b—r)to ~ e(b—r)tS ebto—
r r-b r—-b b b

c
+—=e

(e bto-—1Az _ gbt; )
r r-b

—i(bts - bto)}} /(tr + A +A)

—r(t, +A1+Ay) |: 1

ch, +Bc,[ 1 ((b Byt 1 -
= Bt —1)——(1—e(b ”tf) a
ch, +Bc 1 {C°+ {b ¢ ~b
Pk PCp (e(b+[3)t, _1)_ (1_e(b—r)t,)a B+r +B r
B+r |[b+p r-b
ch, +ac, a (b, (b-r)Ag
ch, +ac t—— |W-—¢ 1-e
+ 1 p W — a e—rtr (ebtr _ebtofrt0+rt,) o+r r—b
o+r r—b
+Crser(tr+A1+A2)|:r_1b(ebt0—rAz _ebts)_Az:la}/(tr LA +A,)
CS . ebts ebto—rt0+rts ebts ebto
r r—>b r—b b b where "
(b+ o)W __(piot
A=ty —t, =1In 1+fe Tl /(b+ o)
ch, +Bc, [ 1 1 - (19)
_ (b+p)t (b-)t
=3Cq + e r-1)-——I\\1-e r)la —t _
{0 B+r b+B( ) r—b( ) and AZ_tS tO
To distinguish easily, the notations to,
t,., t are replaced by ty, t7, t in model 2. for
model 2, the present value of ordering cost is
Ch1+0‘Cp W a —rt,( bt, bto—r(to—tr)) h P g
+ oL+ T _r—be e’ —-€ Coe S. By using a similar argument as in
model 1, the present value of the total relevant
cost per unit time for model 2 is obtained as
follows :
c 1 1 c ts
—rtg btg—r(to—ts) bty bty bty _rt’ _ _t
e [r_b@ —e? ) (e —e ﬂ}/ﬁ Tc,=e ™™ +—ija@“'“‘%)—emﬁt
r
0
_Je +Ch2+l3°p[ 1 (e(mp,)t, _1)_ 1 (1—e(b*')")Ja Ch +Bc t;
°T Bwr b r—b Be, ja( (b+ﬁ)(t—t;)_e(b—r)(t—t;))dt
B+r ]
Chl+0°0|o a (bt bty—rA ,
+— | W—-———¢ e " —e ch. +ac. [
o+r r-b i S 3 J.a(e(b”)(t_t;)—e(b_r)(t_té))jt (ti+A;+Ay)
a+r
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! tls
i ac, ab-nlt-t) bt
r b—r b
0]
_t 0 (=t b
+aCh2 +Bc, (e®PEH  pbNET)
B+r b+p b-r ),

+a

(ty+A5;+A,)

o+r

chy +ac, (bt gb-n-) o
(b+a) (b—r)

tr

el +acs 1 _ebt’s_e—(b—r)t’s +E
0 b—r b b—r b

aCh2+BCp(e(b*B)(""‘9 oGNG4 1
B+r b+p b—r b+p b-r

e ch, +ac, (e(bm)(tbt;) a0t g (bra)(t—t)

bt b+o

e (b=t —t5)
-+ ? (tS -+ A3 -+ A4)

e {co +C—S(ib et —1)—%(ebt's —1))a

o+r b+a

r\r-—

+ch2+Bcp( 1

B+r kb+l3(e(b+mA3 _1)_ r—b

+

(e(b+a)(tb—t§) _ p(bro)(ti—t) )

ch, +ac, a
a+r ((b+a)
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_ abe(b‘”(e“'r“'s) _e(tb—t’s))ﬂ /(t; A +A,)
r—

L { &(ﬁ(e«—w 1)L _1)ja

r

N Ch2 +Bcp( 1 (e(b+B)A3 —l)—

1(1—e*"b)A3)ja

B+r kb+[3 r-b
+ch1+occp
a+r
W a‘ (b*l’)A3 (1 (b—r)A4 ) t! A A
_Ee —€ (ts +Az +Ay)

... (20)

ty

where W = _[ae(b“)t“’“s dt, A; = t'r — '['s
4

and

A, =t —t = In[1+(b:lOL)We_(b”)A3 ]/(b+oc)

. (21)
The objective here is to determine the

optimal values of t; and A4 in order to
minimize the total relevant cost per unit time.

. SOLUTIONS OF THE MODEL

Now, the optimal solutions for both model |
and Il will be established. Model I, from (19)

[e—(r—b)tr g0 )- Lo (et ) % ]a
r

r-b
A, =t,—t, =In 1+We’(b+°‘)tr ]/(b+oc)
da, 1 —(b+0)?e w11
dt, (a+b)| .. (b+o)W o-(bra)t, @
i a
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—(b+a)t,
__ —(b+o)we ™™ oTe, _ )| Cha +BC, Pt _g(bt)
a{a+W(b+a)e(b+“)tf} ot, B+r
a 4 ch +ac, o (D) (1_ ef(oz+r)A1) 3
dA,  —(b+o)We Pt o+
dt, a+W(b+o)e Crot
Also we have —c aef(tr+A1+A2)‘:l(ebto+rAz _ebts)_A2i| 1+%
° r—b dt,
P In{l+ O OW o-orar, } q
1= A
(b+a) a —Tc1[1+1}/(tr +A +A,)=0
dt,
(b+a)A, = In{a“L (b + o) We )t } . (23)
L=
a
—(b+a)t, and
plbroya _ A+ (b+ a)aWe aa'ic1 _ {acse—r(tﬁAﬁAz)(_r)[ 1b (ebt0+rA2 bt )_A2:|
) r r—
a-(ro)A _q _ a _1 . r
a+ (b + (X)We_(b+a)tr +:er(tr+Al+A2)|:I._b(ebto+mz —1)}—Tcl}/(tr +A,+A,)=0
I (b+a)We )t
- a+ (b + OL)We_(bJrOL)tr aTcl —r(t,+A1+A5) 1 bty+rA
— acse rro1Taz) e 0 2
dt,
1 bt. 1 bty+rA 1:' }/ —
_ +——e + A, +——e 02— | T, o /(t, +A;+A,)=0
_ —(broyWe T . r—b A (e 178
- —(b+a)t, o
a+W(b+O(,)e(22) aTC]_ ~
The necessary caﬁditions for Tc, in (18) to be 6A2
minimum are
acser(‘f*Al*Az’[lebts +A —1}—Tc }/(tr +A,+A,)=0
oTc, _ |:Ch2 +BCp (e(b+ﬁ)tr _e(d0t )}a { r—b 2 1 114,
o, B+r . (24)

From equation (23) and (24), the

Ch1+OLCp following can be easily obtained

+ From (23)
ot Te (14980 ] _| chz*BC, (e _ oty
AT 1 . dt, B+r
_I_C_se—r(tr+Al+A2)(_r) 1.9 {_(ebtwmz _ bt )—A }a
[ dt, Jr-b ’
. N ch, +ac, oDt (1_ o~(@+N)Ay )}a
A
dtl’ _C ae_r(tr+Al+A2)
S
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[1
r-b

ch,ac
+
o+r

—r(t,+A1+A5)

[ 1
r—b

and from (24)

—c.ae

TCl —c.ae —r(t,+A1+A5)
° r—b

Tcle—(bm)Al —ace r(tr+A1+A2)l: 1

aC e— r(tr+A1+A2) {
S
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r-b

2P (g

P o (-0, (1- (ot )]a

r-b

(b+B)t, _ g(b-)t; )

(ebt0+rA2 _ ebts ) _ AZ ]e—(b+O(,)Al

e™ +A,

.

1
obt A, _}e (b+a)A,
[

r

1] _
abts +A, __}e (b+o)A

ch, +pc ch, +ac
_| 22 p (e(b+[3)tr B e(b—r)tr)+ 1 P o (-0t
B+r o+r
(l— oAy )]a
—C ae—r(tr+A1+A2)
S

=

. (ebt0+m2 _ Pt )_Az :|e—(b+oc)Al
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(bto+rAz) _ Abtsy
( e’) Az} _| chy +fc, [ gt LIS - gom)
B.H‘ o+r
Cse—r(tr+Al+A2) 1 gPlo+ra, _} g (bro)h
r-b r

_ ch, +fc, (e(b+[3)tr 3 e(b—r)t,)+ ch, +ac, eb-Nt; (1_ef(a+r)A1)
B+r oa+r
.. (25)
This implies that
bty —TA,
Cse—r(tr+A1) e” ¢ o (bre)A;
r—b r
_ ot {Chzwcp (e m _1)+ chy +ac, - et )}
B+r oa+r
bt —rA
c e e o (t+80)+(b+a)Ar+(0-1)t;
l'r=b 1
Ch2 +BCP (e(B+r)tr _1)+ Chl +TaC (1_e*(0t+r)A1)
B+r a+r
bt —TA
e 0 e 2 _ rA1+bAl+G,A1+btr
C, - =€
r-b r
ch; +Bc, (e®rot _1)+ ch, +ac, (L—e(=nar)
B +r oa+r
bt —rA
e’ - e — e(r+b+(x)A1+btr
l'r=b T
Chzﬁ(e(ﬁpﬁ)tr _ 1) + M(l_ ef(a+r)Al )
B+r o+r
.. (26)

Thus A2 is also a function of tr

consequently, if T, is known, then A; and A,
can be uniquely determined by (19) and (26),
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respectively. The solution that satisfies (23) ’ ch. +Bc 1
and (24) minimizes TC, . Similarly, for model =e‘”${cst’sa—r{co+ 2 +P p[ n (e“’*‘”AS —1)
I, from (21) B+r ((b+B)
A, = In[1+ @We‘(b”)% :|/(b+0c) 1 (1_8—(r—b) A3) A chy +ac,
(r—b) o+r
dA, —(b+a))® Wae (P4
dA B b [W_ ab e (1_e(b7r)A4 )ﬂ}/(t's +Agz+A,)
3 (b+ayafa+ (b+a)we %] (r=b)
— (b+ o) We )3
a+ (b+o)We Preas (28)
Also, and
are, _ —n;{Chz +pc, [e(b+B)A3 _e—(r—b)A3}a+Ch1 +oc,
—(b+0a)As OA, B+r o+r
A,=1In 1+(b+OL)We }/(b+oc)
a
e,(b+a)A4 1= —(b+(X)We_(b+a)A3 »
a+(b+a)We—(b+Ot)A3 (ae(b—’)As(l_e(b—f)M )_ae(b—r)Aae(b—f)AA (‘mﬁlj}/(tg +A,+A,)
3
da,
dA, iA
~ —(b+a)We‘(b+°°)A3 _ o)y g —TC2(1+ J)/(t; +A;+A,)=0
a+(b+ o) We (Pre)ss 3
.. (27) [ch, hy 9a
The necessary conditions for Tc, in (20) to be =aen{cjLB(:p(EB(M’)A3 —EB%r’b)A3)+we(b 4
minimum are Br atr
oTc,
= *(0(,+I’)A ’
ot. (1_ € 4)]/(ts +A; +A4)]
, Cc , : dA ,
e s 8, _{ 1 (e(r—b)ts _1)_l(ebts _1)}31 —Tc2(1+ d“j/(tS +A;+A,)=0
ol [ rr—b b As
_ .. (29)
o Chy+BCy[ 1 (oumas ) 1 {rb)A3:| Again from (28)
re {co+ B LHB(e l) r—b(l e )a Tczzer‘%{cst;a—r{c“Ch;:?Cp ((biﬁ)(e(b+ﬁ)A3 _1)
ch, +ac
Tt Ll et SutaS
. (r—D o+r
|:W_be(b—r)A3 (1_e(b—r)A4 ):‘}/(t; +A, —I—A4)
" W2 el _glbac)
(r—b)
—TCZ/('[; +A;+A,)=0 And from (29)
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Tc 14884 ) e Ch2+ﬁcp(e(b+m3 _e—(r—b)A3)
A7 da, BT

N ch, +ac, o014 (1_e—(oc+r)A4)
a+r

ch, +Bc,

B+r
ch, +ac, RCELIS (1_e (ot A, )

( (b+B) A e{f*b)As)

Tc,=e™ (a + (b + a)We (@)% {

a+r
From (28) and (29)

, ch, +Bc 1 o
c,tia= r{c0 —y p{(bﬂs) (e( 2 —1)
_L(l_e—(r—b)%) a
(r—b)
ch, +ac,
+—
a+r
W& gbnag (1_e(b—r)A4)
(r—b)
+ [(a + (b + o) We Cr)s ){Chéifcp (oD% g D)
N ch, +ac, o (0145 (1_e—((x+r) Ay )}
a+r
aere. + 12 PC [ A s, ) A (e
c.tia=rcy+ Bt LHB(G 1) r—b(l e )

+ae®P _ g0l (. oW () e[l g (- )]

ch, +ac,
+—
o+r

{rW— ar_ (- r)A3( e(b—r)A4)
r-b
+ oA (1_ L )]

.. (30)

448

implies that t!

Which .

is a function of Aj.

Consequently, if Agis known, then t's and A,

can be uniquely determined by (30) and (21),
respectively. The solution that satisfies (28)

and (29) minimizesTCz.

Taking the second partial derivatives of
Tc, with respect to t, and A, respectively,
by (23) & (25), we have

82T01 _ {Ch + BC [(b + B)e(b+[3)t (b . rk(b*r) t; }i

ot 2 B+r

r

ch, +ac,
+—
o+

[e(b r) ,e—(owr A (OH—I') d? +(b r)e (b-n)t, (1 . (o+1)Aq )]a

r

+ C ae_r(tr+Al+A2)[
S

i)
dt,

%(ebto-H’Az —ebts)—Az}

—C ae—r(tr+Al+A2)
S
1 bty+rA bt | dzAl
—e"0%2 g% | A
[r—b( ) 2| dt?
d?A dA, \dTc
~Te,—t - +_1JL
dt; dt, ) ot,
oTc dA
S I S (t, +A +A,)
ot, dt,
0°Tc, |ch, +BC Bt b=ty
Ch +(XCp (b-r)tr —(o+T) Ay —(a+r)A dA
+a7a+r {(b i-e )+ (o +1)e s
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r (e btg+rA,
b

+c ae—r(tr+A1+A2)
S r—

5
dt

+C ae

ebs )— rAZ}

—r(t,+A1+A5) 1

— (ebt0+rA2 _ bt )
(b+ e @ 9As
dt

r
—I’(tr+A1+A2)

—C.ae
A, (b + e s 981
dt,
_ 1
+csae r(tr+A1+A2)(_eth +A2 __)
r—b r

dA,
ot }/(tr + A +A,)

2 ch, +Bc Ot
10 0 T2 Wl e (e |
ot; B+r

(b + )e —(b+a)Aq

chy +ac, ooy _ B dA
ge ! [(b _ r)(l_ e (a+r)A1)+ (OL + r)e (a+r)A; YR

+ C e—r(tr+Al+A2)[ r
S

r-b
dA,
1+ —
dt,
+ C e*r(tr+Al+A2) (ebt0+l’A2 _ ebts )
S

(b + Oﬁ)e—(bm)Al dA,
r-b dt,

+C e—l’(tr+Al+A2) (b +a)e—(b+Q)A1
S

(ebt0+rA2 _ebts )_ rA2:|
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da, (1 1
e A t,+A +A
dt, (r—b rj}/( TALHA)
2 ch, +pBc 0ty
ot; B+r
Ch ‘I‘ C -ty —(a+r)Ar
Mk Bt Py [(b—r)(l—e‘(“”)Al)+(a+r)e( ) %}
o+r at,

_ r
e r(tr+A1+A2)|: . (ebt0+rA2 _ bt )_ rAz}
r_

2
(1_'_ dA, +e e—r(tr+A1+A2)(ebto+rA2 B ebts)
dt °

r

(? + (;4)(1_'_ ((jj?l j ((jjfl + Cse—l’(tr+Al+A2) (b + (X)e_(b+a)Al

dA 1 1
dt, \r—Db r
GZTC _ Ch +BC (b+B) (b—r)tr
- _a{ o ° [(b+Be®P —(b—r)e” " |
ch, +ac
i P (b — r)e(b—r)tr (1_ (A )
o+r
- A —(b A
+(chy +ac,)e " e ram _q)
4 Cse—r(tr+Al+A2) r . (ebt0+rA2 _ bt 20y
r_



International Journal of Engineering Applied Sciences and Technology, 2019
Vol. 4, Issue 3, ISSN No. 2455-2143, Pages 438-453
Published Online July 2019 in IJEAST (http://www.ijeast.com)

0%Te . ot e
e =a{(ch2 +Bcp)e(b Pty —(ch1+occp)e ( )Al(l—e ® )Al)
—ce [t +ar+80) P p £ 2(b+a)Ay +Cse—r(tr+Al+A2)(ebto+rA2 _ebts) r
b+ )
[r_aj( (b+a) A 1% (b+a)A 1(t+M+47) (b+0t)e (b+a) Ay +e e‘r(tr+A1+A2)e_(b+“)Al —ethHAz 3 b-r + r eth‘HAZ
S rr-b
_ r _
(e—(b+(x)Al _1) 1 ebts _} (t +A, +A,) o(bro)ar _ obt g -(bra);
r-b r T r-b
b+a
0°Tc ch, +pc, b (-0t —
v 1 :a{ [(b B)e® Pt _(b—r)e ] r—b
r

(1_e—(b+a)Al Xebt0+rA2 _ bt )+ (b+a)(e—(b+(x)Al _1)

+ Cse_r(t'+Al+A2) (b _ r)( 1 . ebt0+rA2 _1je—(b+a)Al
r— r

(1ebts 1]] e b g o b+aA1}/(t A, +A)

ch, +Bc _
v P (b— r)(e(b+[3)t, _e(b—r)tr) r-h r
B+r ;
0°Tc, b - -
~—— 2 =ajch, +Bc, P —(ch, +ac, oM {L-e @M
_+¢h1+acpk—mwnu@4mﬂml_1) at? lehy +pe, oy +ac, [ )
+C e—r(tr+Al+A2) r (eth"'rAZ _ebts —-2(b+a)Aq +c e-"(tr+A1+Az)e—(b+<1)A1 [_ebt0+"A2 _ b_r+ r ebto”Az
i r-b ) r r-b
_Cse*r(tr+A1+A2)(ebto”Az _ebts) g (o)A _ r bt g=(bra)ay
b+a r-b
r—b _(bta gPlo+rh,
r—b
—(b+a)A; L, —(b+a)A —r(t,+A1+A) —2(b+a)A
(1—e ¢ 1% “h_c.e S VAV - B + b+0€ebtS + b+0€e—(b+a)Alebto+rA2
r—b r-b
—r(t,+A1+A5) —(b+a)Aq (4—(b+a) A
+C€ P (b+a)e 1(6 ' _1) b+a ) _(braya bty | [ O+ Q) _(hraya, bt
— —b € e ° + —b € €
r— r—

(rj%beb%-—ij}/4tr+nAl4—A2)

C(b+o)e ™M (b+a) oot D oc}
r r—b r
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_Cse_r(tr+A1+A2) rAze_Z(b+a)A1 }/(tr + Al + Az) (re b ‘+‘ Az - ::-j (tr + Al + Az)
wos d%Tc r
=ajch, +Bc, P ~(ch, +ac 1—e (NN — L — ¢ ae "(HATAI 1 pA ——ethj
o e b o) T S
+c e—r(tr+A1+A2)e—(b+a)A1 |:0L +r _ ebt0+rA2 dA
; r [1+dtl]/(tr+Al+A2)
r r
4 (ebto+rA2 _ebts) (33)
r-b And
g ()i _[b + 0(‘jebtoﬂAz azTcl c a.[e—l’(t +A1+Az)( r) 1 et 1A, _}
r-b 0N -b r
(1_ o-(bra)a; )_ ( b+ Otje—(bmml}
r
+e—r(tr+Al+A2)] ZaTCl}/(t +A2)
_ —r(t,+A1+A5) —2(b+a)Aq
c.e rA,e }/(tr +A; +A) 4TC,  onon
. (31) —=e an—e 1A, +2|/(t, +A +A,)

o°Tc _ r .. (34)
1 — (_ Csa{e r(tr+Al+A2) (—ebto-FrAz _l From (25)
r

A, b Cse—r(tr+Al+A2)( 1 ablo+rA, _lje—(bmml
r—b r
1 _ ch, +pc, (e(b+B)tr _e(b—r)tr)
_[ (ebt0+rA2 _ght )_Az re T (tr+A1+42) Btr
r-b ch, +ac
n 1 P (b=n)tr (1_ e—(a+r)Al)
dA, ) oTc otr
(1 j lJ/(tr+Al+A2)
dt a[f —c e—r(tr+Al+A2)( 1 ebt0+rA7_ _ 1)6—(b+(x)Al
2 s —b v
0°T¢ —c ae—r(tr+Al+A2)(1_ r TSN j r— r
oAt r—b i _Che +Bc, 0“fr(e(ms)tr _e(b—r)tr)
o+r | P+r
dA
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dtr Chl + OLCp (b-1)ty ( —((x+l’)A1)
+——8 1-e

(322) ch, +Bc,
0°Tc, —c, |:_ r(1+ Je—r(t (HAHA,)
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N r (ebto+rA2 _ bt k—(b+a)Al _ b+a @ Dlo+1A, (1_ e—(b+u)Al)

< ch, +c, (e(b+[3)tr _ et | gb-0), _e(b—r)t,e—(owr)Al) r-b r-b
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oa+r r
... (35)
b oa+r 1 ch; +ac, 1 '
< —< -
y B+r and Ch2 +Bcp c.t r(tr+A1+A2)(—bebts —rAZ +2j/(tr +A1+A2)
r_
Thus from (31) it is obvious that
2
0 T201 :a{(ch2 +Bc, )P —(ch, +ac,) —e N (1—e’(°‘”)Al) _ :
r _ Cse—r(tr+A1+A2) 1_ rA2 _ —ebts
i r—b
+C e—r(tr+Al+A2)e—(b+a)A1|:a +r _ ebt0+rA2 dA 2
) r 1+ 2| /(t, +A, +A))
dt r 1 2
r
+ r (ebto"rrAz _ ebts k—(b+0{,)Al
r-b = e ) {(ch, +Bc, e —(ch, +ac, Je ™
B ( b+ sjebtoﬂAz (1_ e—(b+oc)Al) (1_ e—(a+r)A1)
r_
—I‘(t +A1+A2) —(b+(l)A1 o + r bt0+rA2
+Cc.e 7' e — =€
_ b+a e—(b+a)Al:| s [ r
r
bty+rd, bty | —(b+a)A; b+a bty-+rA, ~(b+a)A;
—r(t,+Ag+A,) —2(b+a)A +—(e 0T g -——¢ 1-e
—Cc e NTTATRYrA e Y l}/(tr+A1+A2)>O r—b r—b
Therefore
' b+a _ b+a)A
0°Tc, 0°Tc, °Tc, 0°Tg - e (bra)ay
2 2 '
6tr GAZ 8A28tr atrGAz —c e—r(tr+A1+A2)rAze—2(b+a)A1 }
S

—a’{(ch, +Bc,)e® P —(ch, +ac,)e @M (1 @M

[_r_rAz _|_2)_Cse_r(tr+A1+A2)(1_rA2 _ r ebtsj
b r—b

1t A+ A, ) a—(bra)A | QLT bty+rA _
+Cse (r 1 Z)e ( O() 1|: r _e 0 2 e 2(b+(l)A1 ]/(tr +A1+A2)2 >O

As a result, the solution that satisfies
(23) and (24) minimizes TCy in (18).

V. CONCLUSION
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In this paper, we propose a model for
deteriorating items the optimal replenishment
cycle for the two-warehouse inventory problem
under inflation, in which the inventory
deteriorates at a constant rate over time and
shortages are allowed with exponential rate of
demand. The two-warehouse inventory model
for deteriorating items with exponential
demand rate and shortages under inflation is
considered for this model, the optimal solution
obtained. The proposed model can be
extended in numerous ways. For example, we
may extend the exponential demand to a more
generalized demand pattern that fluctuates with
time. Also, we may consider the unit purchase
cost, the inventory holding cost, and others are
also fluctuating with time. Finally, we may
generalize the model to allow for quantity
discount.
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